The resonant Legendre equation  by Backhouse, N.B
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 117, 31&317 (1986) 
The Resonant Legendre Equation 
N. B. BACKHOUSE 
Department of Applied Mathematics and Theoretical Physics, The University, 
P.O. Box 147, Liverpool L-59 33X, United Kingdom 
Submitted by Ralph P. Boas 
1. INTRODUCTI~N 
Denote by L the differential operator 
i a a 1 a2 -- 
sin 6 ae ( ) 
sin O- + a0 sin28 
acting on twice-differentiable functions of the spherical angle coordinates 
(8, #), 0 # 0 or l7. Then the separated eigenfunctions of L, with eigenvalue 
I, are of the form I;(cos 0) eim”, where A= -v(v + l), m is an integer, and 
I;(x) is a solution of the associated Legendre equation 
-$((l-X2)$!; + v(v+l)-j$ 
1 i I 
17 = 0, 
in terms of the variable x = cos 8. It is a standard result [3] that if I,(x) is 
any solution of (2) for m = 0, then 
di”l 
z;(x) = (1 - X2)‘@ dx’“’ I,(x) 
satisfies (2). Furthermore, Eq. (2), for m = 0, has two independent 
solutions, P,(x) and Q(x), the Legendre functions of the first and second 
kinds, in terms of which the most general solution Z,(x) can be expressed. It
follows that we obtain two independent solutions of (2), for each ]ml, by 
application of the formula (3) to P,(x) and QV(x). A thorough analysis of 
such functions and their properties is to be found in the treatise of Hobson 
[3], already cited. 
Our aim in this paper is to investigate an inhomogeneous version of (2) 
in which the right-hand side is a Legendre function. Our interest in this 
problem grew out of some representation theoretic work on the di-spin 
algebra-see [2] for the definition of this algebra and its representation by 
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superdifferential operators-in which the Casimir operator eigenvalue 
problem devolves on the solution to the fourth-order differential equation. 
L’f-2BLf+Cf=O (4) 
where B = a - f and C = a(a - f) are given in terms of a constant a. Of 
course (4) makes sense for arbitrary independent values of B and C, and, 
as we shall first show, it has solutions derivable from those of an 
inhomogeneous Legendre equation of the type mentioned above. Further- 
more, these solutions are obtained in closed form in terms of Legendre 
functions for B2 # C and by quadratures when the resonance condition 
B2 = C holds. We obtain closed form solutions for a subset of the set of 
pairs (B, C) satisfying the resonance condition. 
We remark that some inhomogeneous Legendre equations have been 
studied in great detail by Babister [ 1 ] and also by Miller [S] but they are 
not of the resonant type considered in this paper. Rather closer to one 
aspect of our analysis is the calculation for the Christoffel function R, _ 1(x) 
in the expression 
Q,(x) =; P,(x) log, s -R,- l(x), I I xf +1, (5) 
relating Legendre functions of the first and second kinds. It can be shown 
that R,- i(x) satisfies an inhomogeneous Legendre equation-see [3]. 
We restrict our analysis to real values of the variable x. 
2. INHOMOGENEOUS LEGENDRE EQUATION 
We first write (4) in the form 
(L-A,)(L-A,) f =o 
where A,, A2 = B f d=, Now put 
(6) 
(L-A,)f =g> (7) 
where g is an eigenfunction of L with eigenvalue 1,. If g is a separated 
function I;(cos 67) eim+, for integral m, where 1, = -v,(v,+ I), then (7) 
becomes 
Lf + v2(v2 + 1) f = l;(cos 0) eimd, (8) 
where A2 = -v2(v2 + 1). Clearly if 1, # L2, equivalently B2 # C, (8) has a 
particular solution I;(cos 0) ehQ/(A2 - A,). 
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The resonant case B* = C requires a more elaborate treatment. We put 
v1 = v2 = v and try a solution h;(cos 0) eim9 where h:(x) satisfies 
(9) 
Just as in the homogeneous case, it is easy to show that, if h,(x) satisfies 
then 
h;(x) = (1 - x~)““‘~’ dx’“l h, 
satisfies (9). Our problem is therefore reduced to the study of the m = 0 
inhomogeneous equation (10). Hereafter we denote the 2nd-order differen- 
tial operator implied in (10) by D,. 
In principle, (10) can be solved by quadratures. Indeed, we can check 
that 
h”(X) =fJx) L(x) 
is formally a particular integral of (lo), where 
(12) 
and 
gv(~){w))~ = j- {LW2 dx. (14) 
(13) 
3. EXPLICIT SOLUTIONS-FUNCTIONS OF THE FIRST KIND 
The integrals (13) and (14) cannot be readily evaluated except in simple 
cases. The form of the latter, however, suggests an alternative approach: we 
make the substitution 
h,(x) = -L(x) 2(2v + 1) log, I1 - x21 + k(x), x# kl, (15) 
into (10). Then k,(x) must satisfy 
.,k,=g&-x2). 
THE RESONANT LEGENDRE EQUATION 
Using the identities 
d4 &+I 
xdx= dx 
--(v+l)I, 
and 
given on p. 600 of Morse and Feshbach [6], (16) becomes 
D,k,= --- 2 dl- 
2v+ldx ’ ” 
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(17) 
(19) 
In this we are assuming v # -f. Now (19) is another inhomogeneous 
Legendre equation of order v, which is not resonant, except in the case 
v=;. 
If v = n is integral we can write 
I n-,=(I”-1-In--)+(In-3-In-5)+ .’ 
and then by (18) 
+ (4 - 6) + 6 
or +(h-l1)+11 (20) 
or +5/,+2. (21) 
The most tractable case occurs when each Ik(x) is of the first kind and 
coincides with the Legendre polynomial PJx), k=O, l,..., which for 
definiteness we assume has leading coefficient (2k)!/2k(k!)2. Then dl$dx = 0 
and dl,/dx= 10= P,. It follows that the inhomogeneous term of (19) is a 
finite linear combination of Legendre polynomials of order less than n - 1, 
and we then obtain the particular solution 
... + 3PI 
n*+n-2 
or + 5p2 PO 
n*+n-6+n2+n (22) 
for n > 2. We also find k\‘)(x) = k&l)(x) = 0. 
409/117/2-2 
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This derivation is similar to that for the Christoffel function mentioned 
in the Introduction. 
These polynomials can now be substituted into (15) to yield the resonant 
Legendre functions A,(x) of the first kind and integral order. The first few 
such functions are 
A,(x) = -; log, 11 -x21 
A,(x)= -;1og, I1 -x21 
A,(x)= -&(3x’-l)log,Il-x’l-~ 
A,(x)= -~(5x~-3x)log,Il-x21-~ 
(23) 
A4(x)= -~(35x’-30x’+3)log,,l-x’I-$6(3x~-1)-~ 
AS(x)= -&6(63xs-70x3+15x)log~ 11-x21 -&(5x3-3x)-&. 
4. ON FUNCTIONSOF THE SECOND KIND 
Equation (21) is valid if Zk(x) is taken to be the function of the second 
kind Q,(x), for k=O, l,... . Unfortunately we are unable to deduce a 
solution of (19) analogous to (22) because dQo/dx and dQJdx are not 
simply expressible as Legendre functions. Taking QO(x) = 1 log,( (x + 1 )/ 
(x-l)) and Qi(x)=(x/2)log,((x+ 1)/(x- l))-1, for 1x1 > 1, we see that 
a particular integral of (19) devolves on a particular integral of 
DA =& n odd 
X 
x2-- n >, 2, even. 
Checking (16) at v = 0, we see that (24) extends to n = 0. Now applying the 
method of variation of parameters, we can express a particular solution of 
(24) as 
dn(x) = A(X) P,(x), (25) 
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where 
and 
(26) 
q,(x)(P,(x)}* = 1 r,(x) P,(x) dx, (27) 
r,(x) being the inhomogeneous term on the right-hand side of (24). The 
derivation is similar to that for Eqs. (12), (13), and (14). Of the two 
integrals (26) and (27), it would seem that only (27) can be evaluated 
explicitly. To perform that integration we use the identities 
(x2- l)$n(,Pn+) 
= (n + 1 )(P, + 1- XP,), 
given on pp. 32-33 of Hobson [3]. Thus for n even we have 
(28) 
(29) 
g=n(r,P,-r,-,P,,) 
=(~~+l)(r,+~P~+~-rnP,). 
By suitable choices of integration constants we obtain 
(30) 
(31) 
j rl(x) PI(x) = 1 To(x) P,(x) dx =i log,(x2 - l), 
I r2(x) P*(x) =i P*(x) + i log,(x’ - l), 
5 r3(x) P3(x) =i P2(x) + i log,(x2 - l), 
(32) 
(33) 
(34) 
and more generally 
5 rZk+1(x)P2k+1(x)dx= i (.4’+1) + 1 2A2j+ 1) Py(x)+;log,(XZ- l), (35) 
~r2~(x)P2~(x)dx=~p2*(x)+~r2~-I(x)P2*I(x)dx, (36) 
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for k > 0. So, for all n, the integrand of (26) is known explicitly. For any 
given n, those parts of the integrand of (26) having the form 
pa 
(1 -x’){pn(x)~* 
can, in principle, be integrated explicitly using standard partial fraction 
analysis and knowledge of the zeros of P,(x). As far as the other term, 
involving the logarithm, is concerned, the author has been unable to make 
any progress in its evaluation. The observation that 
1 - = 
(1 -x2){p,(x)}*’ (38) 
given on p. 72 of Hobson [3], does not appear to help much. This ter- 
minates our discussion of the general value of II, and we now consider the 
special case of n = 0. Going back to (24), we have that 
ddo 1 
X=2(1 -x2) 
log,(x2 - 1) 
for 1x1 > 1. By comparison of the right-hand side of (39), for large x > 1, 
with the function (log, x)/x*, which is explicitly integrable over [x, co), we 
see that (39) is also integrable over the same range. Similar considerations 
apply for x < -1, and we can assert the existence of a function q$,(x), 
amply differentiable for 1x1 > 1, which satisfies (39). We can write the 
resonant Legendre function B,(x) of the second kind and zero order as 
B,(x) = -a log, 
x+1 
( ) 
yi 1%(X2 - 1) + W,(x), 
for 1x1 > 1. 
For 1x1 < 1 we can take QO(x) = 1 log& (1 + x)/( 1 - x)), and the analysis 
devolves on a particular solution to 
dx d ((l-I2)y=& 
One integration gives 
4, 1 
dx= -2(1-x’) 
log,( 1 I x2), 
(41) 
(42) 
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for 1x1 < 1. We obtain a suitable $Jx) by integration of the right-hand side 
of (42) over the interval [0, x]. Now we can write 
B,(x) = - + log, 
1+x 
( ) 
l-x k?(l -x”ww4, (43) 
for 1x1 c 1. This concludes the definition of B,(x) as a real function for all 
x # f 1. We leave aside the question of analytic continuation to complex 
arguments and turn our attention to another expression for B,(x) involving 
the dilogarithm function G,(z). 
We recall from Lewin [4] that 
Liz(z) = -j; F (1 - t) df 
defines a function which is real for real z in the range - co < z < 1. The 
function is complex outside of this range. In terms of Liz we find that the 
function 
; log, 2 log, 
1+x 1 
G-qlog:(l -x)+$log:(l+x) 
-iL,i2(F)+fLi2(G) 
(45) 
has derivative (l/( 1 - x2)) log,( 1 - x2). Checking the arguments, we see 
that it is a linear combination of well defined real functions for 1x1 < 1 and 
therefore proportional to tiO(x). 
In these terms, B,(x) is a fairly complicated function, and there seems lit- 
tle prospect of much simplification. 
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